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XXII. Researches in physical astronomy. By John William Lubbock^ Esq. 

Fellow of the Royal Society. 

Read April 29, 1830. 

An the first volume of the Mecaniqxie Celeste^ Laplace has given expressions 
for the variations of the elliptic constants^, which are true when the square and 
higher powers of the disturbing force are neglected ; and he has proved, upon 
the supposition that the planets move in the same direction^ in orbits nearly 
circular and little inclined one to another^ that the eccentricities and inclina- 
tions vary within small limits^ thereby demonstrating within these conditions 
the stability of the planetary system. But these conditions are not necessary 
to the stability of a system of bodies^ subject to the law of attraction-, which 
obtains in our system. I have given in the following investigation the expres- 
sions for the variations of the elliptic constants^, which are rigorously true 
whatever power of the disturbing force be retained ; and it is easy to con- 
clude from the form of their expressions^ that however far the approximation 
be carried, the eccentricity, the major axis, and the tangent of the inclination 
of the orbit to a fixed plane, contain no term which varies with the time ; 
their variations are all periodic, and they oscillate therefore within certain 
limits. This theorem is no longer true if the planet moves in a resisting 
medium. 

I have also given some equations which obtain when an angle is taken 
for the independent variable, which in the elliptic movement is the eccentric 
anomaly, which are of remarkable simplicity, and which, as far as I know, 
have never been noticed, and the development of the disturbing function 
^ to the quantities involving the squares and products of the eccentricities 
inclusive. 
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Let x^ y^ z denote the rectangular co-ordinates 
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distance from the sun 

distance from the sun projected 

upon the plane x^ y 
longitude reckoned upon the plane 

of its orbit 
longitude reckoned upon the plane 

xy 
tangent of the latitude 
a variable^ which in the elliptic the- 
ory is the eccentric anomaly 
the mass 

semiaxis major 

eccentricity 

longitude of the perihelion 

longitude of the epoch 

longitude of the ascending node 

inclination of the orbit to the plane 
xy 

a constant quantity which accompa- 
nies y 

the mass of the sun. 



yoi the planet m. 



m 



R 



M -^ m =: (jb^ 4/ JfL 



n. 



r'cos X\ y = r^sin X\ z = r\ and in the elliptic motion r^M x"^ = /^ d t. 









J}* J 



^4 r7(l+5f)f 



{r^^(l+5^)-2rV\{cos(V-.A^^) + 55j+r7(l+5/)}^J 



* LapIiACE uses the letter v to denote longitude, u the eccentric anomaly, and f the inclination of 
the orbit to a fixed plane ; but as v is very frequently used to signify velocity, and (p geogra- 
phical latitude, and as the letters of the Greek alphabet are generally used for angles, I have taken the 
letters A, y, and 1 for these quantities. 
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. ,-r-r-i + ^7^0 + 3cos(2A^ -2x;) + 12s5,cos(V- V) -2i«} 



^1 ' 

8ry 



— mX +87^ ^^ (1 - 45^)cos(A^ - A/) + 5cgs(Sa' - 3 a;)} 



+ ^17^5 {9 + 20 cos (2 A' — 2 A/) + 35 cos (4 A' — 4 A/)} 



64<rf 



(^\— r cos(A'-- a;) + ^^/ I 



r' (1 4- ^^) — ^/ {cos (A'~- A/) 4- ss,} 



3 
T 



;i +5^) - 2rV; {cos (A'- A/) + 5 5^ + r;2(l + ^Z)}'^ 
'd R\ f r sin A^ - A/ / r/ sin (A^ - A/) 

'd R\ f / s, , r'^ s — r r/ S; 

_____ I I I I /^M ^ * . ., _ I I ■ - - I ■ . I ■ . . - .i l ll if.. . ~.... I. I Lr;.-.».. «^ UJ.J.u,»nCT— 

Let P be the place of the planet m, S the place of the sun, S N the intersec- 
tion of the orbits of m and m,, S L the line from which longitudes are reckoned, 
P,', the projection of P^ upon the plane of the oi-bit of P ; then if the plane xy 
coincide with the orbit of m, S P = r, P S L = X, N S L = v, P, S N + N S L 

= 7.,, p; s L = x;, s p; = r;, s p, = r, = r; (i + s^)^ 

fSP X SP.cosPSP, 1 

~~ '1 SP; {SP«-2SP X SP,cosPSP; + SF/}* 



R 



dR\ rsp;cosPSp; , s p-sp;cosPSp; 

I — — 2jq^ J 1 L , j , _- - . ^ ' ' ' 

<!'">' 'I ^P/' {SP^-2SP X SP;cosPSP; + SP/} 

/dR\_ rSPxSP.cosPSP; , SP^-SPx SP,cosPSP; 

yd?) -^'i sFf ~ + 



{sp^-2SP X sp;cosPSP; + sp/} 



-r 



/di2\ rspxsp;sinpsp; sp xsp;sinpsp; 

Vd^/ '1 SP.^* {SP^-2SPxSP;cosPSP; + SP;}^^' 

'dR\ fSPxpp; spxP.p; T 

. 1 — — vyi J — 1 L „,_ . — ' — f 

As) i\ SP/ {sp^-2SP X sp;cosPSp; + sp/}-^j 

COS (X — X^) = COS (X — v) COS {\^ — v) '{' COS / sin (A — v) sin (A^ — v) 

== cos^ -g- COS (X — \) + sin^ -^ cos (X + \ -— 2 i^) 
tan (X] — v) = cos / tan (\^ — v) 

, . . cos i tan (Ay — v) 

^ ' ^ (l + cos^ i tan^ (A^ — v))^ 

2 u 2 
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COS (x; -- j^) = (Tip-^^jn^-i-^^ 

r r^^ sin {K — K^) = r r] {sin \ cos \] — cos X sin XJ 

cos X^^ = cos (X/ •— i^) cos V "— sin (X/ — v) sin i^ 

cos (A^ — v) cos V — sin (A^ — y) sin v f 1 — 2 sin^ — 



(1 -■ sin^ I sin^ (A/ - v)-^ 

cos A^ + 2 sin^ — sin (A^ —- v) sin v 
(l — sin^ i sin^ (Ay ^ v))i- 

sin 'k] = sin (X/ — - v) cos i^ + cos (X^^ — v) sin v 

sin (Ay — v) cos V f 1 — 2 sin^ — ) + cos (A^ — v) sin v 
"~' (l — - sin^ i sin^ (A^ — v))-r 

sin Py S Py'' = sin / sin (X^ -~ v)^ r] = r^ cos P^ S P^" = r^ (l — sin^ / sin^ (x^ — v)y 
therefore^ 
rr^'sin (X — X^") — rrA sin (X — • X^) + 2 sin^-^ sin (X^ — • v) cos (X — ^) i 

TrirvA cos^ Y sin (X — X^) + sin^ -^ sin (X -\'\ — ^v)> 
similarly it may be shown that 
;cos(x-V) = -,{eos^icos(X-X,)+.itficos(X + X,-2,)} 

^^/~-" 1 -I- eyCos(PySN + NSL — -GTy) ~" 1 + ^y cos (Ay - -sFy) 

-■ > ..—_-- — ^ — . ^^ ~ -| — ----j^ 2/Clxi = 

or ^^^1 ^ ^^p ^ a ^ J 

d jR being the differential of R with regard only to the co-ordinates of the 
planet m. 

d^ r (l+g^)-r dA^^+25dr d5 + r^gd^5 |t^ i /i^\ _ n 

r^MA^ 



.^^ 



d^ 



+ Cdf ) = 



d^ 
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df * r (1 + 5^)^ \d^/ Vd5/ 



r'^ d^s + 2 r'd / d5-»r'^5 d A^^ 



d^ 



.2 



+ (.+^)(4|)_,.(^)=0 



Making X the independent variable instead of t, 
d? - 2-d?- -r2 j^ + -;^^-^ +r (^j - * {^-^) = 

r'"* ^ = ^2 — ^/r'^i-^j d ^\ ^ being a constant, 

1 



/^^(l +sT 



•^ r ,/d2?\ /dR\ 1 /dR\ Arl 






When the disturbing force is neglected 

1 

~dr~ - ^^ dK'^ + ^^ - ;^i]r+^ "~" ' d^^' + ^ ^ u 

of which equations the integrals are^ 

v'^A-k'^hAt, 4 = ^^' |(1 +s^f + ecos(X^"-^)| 
s = tan / sin (^ — >'). 

If d # = \ /" r' d y^ and y be taken for the independent variable 

V p. 
^^^d^^ ^ d^^ ^ rYl+5^)^ ^ VdrV ^Vds/ 



d^^ d^^ diJ^ • rXl +5^)* 
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dU= (-Ydr'dv 



d 



iff"-' 

If the orbit of the planet m coincide with the plane x 7/^ s is of the order of 
the disturbing foi'ce^ of which therefore neglecting the square^ r^ = r, X'^ = X 

d^^ , . ^^ r ^ /*! T^» . /<1-R\ 1 

__a + r+ -| 2/d iJ + r (^^jj =0. 

When the disturbing force is neglected^ the integral of this equation is 
r = a {1 — e cos (y -— a)}, y being the eccentric anomaly. 

71 t -{' s — '^ z=z V — a — e sin {v — a) 



I 1 4- ^ i 2 



tan -TT- = < —^ > tan 



2 ~ ) 1 - .. f "^" 2 



If a be p.t fo. the ,„n«.y «-' { ^/d i. + . (-) } and .he co„..n. . 
which may afterwards be replaced, be omitted for the present, 
r = a {1 -— e cos v} — sin yy Q cos v dv + cos vj Q sin y d y 

d ^ = \/ ~ < a { 1 — e cos v} •— sin y/ Q cos y d y + cos yy Q sin u d y > d v 

nt +e '^7ff = v--'emnv </ Qdv — cos y/Qcosydu — sint^Qsini;dt> > 

If y = f (^ ^ + s — " 2??) in the elliptic theory, then neglecting the square of 
the disturbing force, 

d f(nt + e txr) If/*/* /* 1 

y =:f (^if + s — t??) 4- ""i-.i~-j-^ ~ jy Qdy — cosyy Qcosydu — sinyy Qsiny > dy 

If ^ y, S r denote the values of those parts of r and v which are due to the 
first power of the disturbing force. 



du 

u = 



andt 



<j Qdv — cos vj Q cos y d y — sin vJ Q sin y d y > 



§ r = a e sin y S y ■— sin y / Q cos y d y + cos y / Q sin y d y 

sin V P^ , ^ , e — COS u /*^ . . 
_ -™-~r; I Q {e — cos y} d y — ^^ / v sm y d y. 

\ —' e cos Ua/ ^ ^ ^ 1 •— ^ cos Uft/ ^ 

In the elliptic theory, 

d y = —5 -z = cos A, -~— ^i -^ = sm k 

I — e cos V 1 — e cos u 1 — • ^ cos u 
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therefore^ 

ancosx/rsinX < 2/dJ?+r (-5— j > dt-^ansinK/rcosKK 2/dJ?+^(-p-) J^ d i^ > 

Sr = —— — ^ ^ — ■ — — T — — — — ^ — — — ^ -~ — — -— 

which is the equation X of the M^canique C61este^ vol. i. p. 258. 

2r^d?C r*dA'^ 

Multiplying the equation of p. 114^ 1. 2^ by -37™:? and integrating^ -^ 



■2 



+ 2/^^2 (^)dX^ = ^o2, if A2 = ho^ - 2jr^^ (II) d X\ h being variable,and ^o the 

value of ^ at a given epoch, hdh= — r^^ VdJ:) d X\ r^ d X^ = A d t, and making K" 
the independent variable instead of #, 2 r^ d r" d X^ = d A d ^ + h d^ t 

"^ df ~ df' ~ df '^ r\l+s^f'^'^ \dr) ~ ^\ds) —^ 

N (^^ 1 'l^L!!^ 2r'^dr'MA rW ___Fl_, , x /di2\ /di?\ _ 

^ Vd^V + ^d^ ~ hdi? ~~ df +rXl +3^f "*"^ VdrV ~ * Vds/ — *^ 

dK'' + r' ~ h^{l +fy ~ V Y \dr) ~ * \ds) "" r' VdW dA^ " " 



^" + »+S{a + *^)e^)-«(^af)-0^4}=o 



dA^2 T ^ T ^i 



If all the constants in the elliptic integrals are supposed to vary^ subject to 
the condition that they still satisfy these differential equations^ and that the 

d ^ d 5 

form of the first differential coefficients ttv, g^, remains unaltered, 
d. 1 

r jx cos i^ f s ds • /^ \ _\ 1 ^^ 

'~dT'—~~¥ ~ - -^^ - — 



f! ^^^^-^ ^. ^ e sin (X^ ^ ..) j, Jj. = tan / cos (X^-« .) 

— 2 {(1 + ^^)^ + e cos QC — ttr)} {A^ sin / d / + cos i h d y^} 
+ h^ cos / cos (X' — tr) d e + A^ cos / e sin (X' ■— ^) d ts- = 

^ f s tan I cos (X^ — y) . / . ^ 1 r ^ « • i • / i ? > 

_ 2 < 1 — ^ — e sm (X •— ^) > {^2 sm / d / + cos / A d h} 

— ■ A^ cos / sin (X' — -jjr) d e + A^ cos / e cos (X' — ts*) d isr 
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h^r' C JAR 
r 



fjt, cos * 

d 



/d^\ /dJR\ 1 /di2\ /dr^7 , . 



sin (?i' — y) —5 — tan / cos (K' — v) dv = 

^ d ^ = -- r^2 (^H^ d X' 
Whence by elimination^ 



tani5cos(A^— v) sin (x'— tar) 



/i^ COS / d e + 2 / (1 + s^)"" cos (X' — ??f) + e «- 



s COS I r'^ sin (A' ■— 'sr) 






5 tan I cos (a' — v) cos (A' — m) 



h^ cos ied^+2<(l+ 5^)^ sin (X' ™-. 2<?) + 
.in,cos»,/^cos(x'- ,) {(1 +^)(i«)_.(i|)-Clf) C?^) } +c„.„.-<^-|) } dx 

- ^^^^^—^ {(' + »') (S - >-■ CjI) - (S (k-) } >■• 



fUCOS 



,c„,(x--„){.(-) -.(41) - i(!l)(£)}<'^'=« 



/«cos.«cos(X*-v) r.^ , r,\ (^^\ /di?\ /diA/d-/\l , , 



^^ + ^-^f^{a + ^'^)0-a-(||)(|{|}d. = o 
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Y« rcosX' rsinX' rs 

It w = ~— 5 y = -, . z 






d^r 



d ^^ 1 + s 



2 






1 +s^ dt 
dt 



+ (dlo) = 



r^d^s + 2rdrds-t^^^^ + r^sd>:^ 



(1±£!) ___ + (1 + ,2)2 Q ==, 



Of which equations the integrals are 



•5 



T 3 /" "1 

J ^ ^-i . d X' = A d #, ^ = ^YfT}~i)| 1 (1 + •^^)^ + ^ cos (X' — ^s") 
^ = tan i sin (X^ — v) 

If d f = \/ — r d y^ and v be taken for the independent variable 

r = a { 1 — e^ cos (y — a) } in the elliptic motion. 

e^ is accented for the present in order to distinguish it from e. 

If the constants in the elliptic integrals are supposed to vary^ subject to the 
condition that they still satisfy these diflferential equations^ and that the form 

of the first differential coefficient x" remains unaltered, 

rdvda ^ /~^ , , rd^r rdr^ rdrd^^ 

d^r , , ar^ /dR\ drda ^ 

d^ - « + ^ + T Vd7 j - 2^d^ = 

(\ — e' cos (y — u)\ d a — a cos (y -- a) d e' — a e' sin (y — «») d a = 
e' sin (y — a) d a + a sin (y — e^) d e' — - a e' cos (y — cs) d a 
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+ V (dF/ ^ " + TT ^^^("^ - «) d i? = 

d a =: a ic 

d ^ = — {2 e — 2 COS (y — es) — e sm (y — 05)^} d jR sm (y — c^) \^-^ j u y 

e d a$ = -^ sin (y — a) {e' cos (u — • a^) — 2} d i? + r" cos (v — 05) (^-g^ j d u 
k d i + ^ "^ ^ = ^ """ ^ "^ ^' sin (y — c^) 

d i— d ts* = — d G$ — sin (y — e^) d e' + ^^ cos (y — c^) d (^. 

The equation of condition which obtains between the constants a^ e^ nff^ v^ / 
and h may be found from the equation 

^ r a 

df'^r^ cos <^ "^ r "•"a 

which gives 

— ^ — " < e^ cos^ I sin^ (i^ — isr) — • {1 +ecos(j^ — «?r)} {1 — ecos(i^ — ^)} > + ™ = 
Equating the values of r which have been founds 

AWl+s^ _ ^^j _ e'cos(y- a)} 



]M, cos 1^ { 4/ 1 + s^ + ^ COS (A — -cr)} 

since the origin of the angle y is arbitrary^ we may suppose X — isr = 0^ and 
p — (^ = at the same time^ 



F 4/ 1 4- tan 1^ sin (izr — vf /, ,v 

SO that - — -77 7-T-7-T 2 - r ' -^2 , \ = « (1 — ^; 

^ cos r 1 4^ 1 + tan »^ sm (isr — v)^ + ^} 

All the equations which have hitherto been proved are rigorously true^ 
whatever powers of the disturbing function be retained. They are susceptible 
of simplification when the square and higher powers of the disturbing function 
are neglected : in this case^ if the orbit be supposed to coincide with the 
plane x y^ tan 1 = 0^ and if the longitude be reckoned from the perihelion of 
the planet P;, 

-gjj d X + T \dr) d X =: 
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A2 e d 2<r + {2 + COS K} sin X r^ (^~) d X -- A^ ^2 cos X (^) d /v = 

, , _ cos (X — v) /d jK\ J ^ 
, . _ sin (A — v) /d R\ \ ^ 

by equation^ p. 336^ line 12^ [ju a(l — e^) = A^^ and by equation^ line 17, a = e^ 
de=: — ^ 2e — 2cos(i; — a) — esin(y — a)2 S. d JR -sin(y— c^j) yj-) dy 

e d a = — < e cos (y — a) — 2 > sin (y — a) d jR H cos (u — • cc) ( -t™ ) d y 

/k di? + g — ^ = y — a — esin(y — ci) 
g — d^= — {1— e cos (y — a) } d a — sin (y — a) d e 






I + e cos (A — -sr) 



a { 1 — e COS (y — a) } 



, a^zdi^f^ . ., , , .^1 /djB\ 

^ ^ ^ ^ ^VT^^n c^s (X -- 7^) + e + e cos (X - ^)^| (.-j^^j 



t^^nd^ V' 1 — ^^ „. 



si^(^-^)Vd7J 



6 a tjr 



/w. V 






+ ___ cos (X ^ ^) (^^j 

^ ix{l + ^cos(A — tsr)} Vdr/ 

If the longitudes be reckoned from the perihelion of the planet P, 

if— _ ^^(CQS^ + e) / dR \ ^ ntfO^n \f l ^g^ f r/sinA/ r sin A ■- r] sin A/ ] 

^>/T^r7 VdA/ ^ 1 n' "^{r^--2rr;cos(A--A;) + r;2}^J 

2x2' 



dt 
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-zar ansmK 



dt |x ^ 1 — ^« 



/djB\ ^mfO^n \/ I -• e^ ( r/ cos a/ r cos A — r/ cos A/ 

VdA/ ^^ I r^^ {r^-2rr;cos(A-~A;) + r/}'^ 



and since ndt = "^ d y^ 

d ^ r (cos A + ^) /d JK\ m, a r a/ 1 — e^ f ^/ sin A/ r sin A — r/ sin a/ 



r (cos A + g) /dJ^\ __ m^ g r >/ 1 — g^ ( r^ sin A/ 



u ^^1— ^2\aA/ |w. l^i {r^ — 2rr;cos(A— A/) +r^^}^ 

edisT r sin A /d 7A , m.ar a/ I — ^^ f ^y' cos A/ r cos A — r/ cos A/ 



/dJ'^X , TUiar V \—e^ ( r^ cos A/ 



du ixz/l-^^V^^/ i«^ I ^/ {r^-2rr;cos(A-. A/) +/'f}^ 

ds •— d tar r^ d^ f r r_ l 1 * ^ 

d a = — — d R 

and since r^ d X = ^ [jb a {I — e^) di = a^l— e^rdy 

d< . fl? j/ 1 — g^ r cos A /diig\ _ 
du "^ n^ \d5/ 

— 4- g \/ r^^^ r sin A /dJB\ _ 
d y ' |ii^ \ d s / 

The last six equations serve to determine the perturbations of a comet. 
Let (A e) be the variation of any element e during the variation A t» of u 

at any given epoch n^ neglecting the square and higher powers of A v^ 

If the values of (A e) be calculated for the epochs 0^ 1^ 2 . . . m corre- 
sponding to the values v^ y + «' A y^ y + 2 i A y^ &c.^ differing from each 
other by i A v, then the whole variation {I e) of v corresponding to the varia- 
tion i A V of V 
- i [{A e\ + {A e)^ + (A e)^^^] 
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When the interval A y is indefinitely diminished^ i A v is still equal to the 

variation of v between the epochs for which the quantities (t^) ^ (x^) &c. 
are calculated^ and 

- B {a 0. - A J + ^. } 

If the radius be taken for unity^ and i A v \s the mth part of the circum- 

2 X 3*14159 

ference ; i Av = — — ^ or^ in other words^ the resulting values of S e and 

h ain the equations given above must be multiplied by 2 X 3.141 59^ and di- 
vided by 360^ expressed in the same unit as i A v. 

n is equal to the angular circumference divided by the periodic time ex» 
pressed in the same unit as i ; so that if a degree be taken as the unity of 
angular circumference, n = 360° divided by the periodic time expressed in 
the same unit as t. 

In the elliptic movement or first approximation 

?^=:;2^ + g~|-a series of sines of arcs multiples of n t &c. 
X^ = n^ ^ + s^ + a series of sines of arcs multiples of n^tkc. 

•—- = constant + a series of cosines. 

s = a series of sines. 
^^ =z a series of sines. 

These values being substituted in the equations of p. 334 give j^., jA and 



g-^ each equal to a series of sines without any constant quantity, and ^, j 



ds 

and j-^ each equal to a series of cosines + a constant quantity. 

In the second approximation the values of X, r and ^ retain the same form ; 

and it is easy to see from the form of the expressions for j^, g—s, &c. p. 334^ 

that the form of the values of these quantities is not altered however far the 
approximation be carried. 



cv^ 
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If the sun or primary be a spheroid^ of the angle which the plane of the sun s 
equator makes with the plane of the orbit of the planet ; and if the longitude 
be reckoned from the line of intersection of the sun's equator with the orbit 

of the planet ; R is increased by the quantity c < ^ — ~ — > ^ c being a 

constant dependent upon the figure of the sun ; but the partial differential co- 
efficients of this quantity^ which are introduced into the values of d e^ d ^^ &c. 
do not change the form of the expressions for those quantities. 

If the planet move in a medium which resists according to any power n of 

the velocity^ if c be a constant and v the velocity, the term 2 ajv^^^^ d t must 
be added to 2 /d R, 

in the equations of p. 330. 

If the orbit of the planet be supposed to coincide with the plane x y^ so that 
$ = 0, then by the equations of p. 337 after reductions 

\a / \^1 — e cos y J n 

w — 1 w — l 

\a J \^l — e cos y J \ n / 

a / ]^l -^ e COS y J n 

T, ^ / i"' \ ""?" \ I -h e COS y 1 — o" sm y f 1 — ^^ cos y 1 , 

\a / (^l—^cosyj n ]^ e J 

The form of these equations differs from that which obtained before, now 
the variations of e, t<? and g are periodical, while that of a has a term which 

varies with the time. ^ contains only odd powers of cos v and for that reason 

has no constant term. The periods of the periodic inequalities of all the elliptic 
constants due to the action of the resisting medium are fractional parts of the 
periodic time of the planet. 
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If the origin of t coincides with the instant of the perihelion passage, by 
Lagrange's theorem 

. 2 ^ d . sin ;^ i^^ e^ d^ . sin n f e'^ d^ sin n t „ 

cosy — cos/i^— esmw^ — T* TTwT" "^ iTs' IdTiif" "^ 2.3.4 {A.nt^ "^ ^^' 

sm. = sm«; + esmn^cos«^ + -2- ^^^ + 2T3 iA.ntf + 2.3.4 {A.ntf 

,0 1 — COS 2 ^ if . ,„ S sin 7? ^ — sin 3 ^ f 

sm n i?2 — _ -^ sm 7z r^ = -^ 

,. 3 — 4cos2^if + cos4 w^ . ,. lOsin^if — 5 sin3?z^ -|-sin5^^ 

sm ^ r = — ^ ^ sm n IP 



■r J aas w w — waMWiBWWii 



8 ^ ""*'^ •^ 16 

d . sin y^ ^^ 3 cos w if — 3 cos 3 w ^ 

d,nt 4 

d . sin n ^* 2 sin 2 ?^ if — sin 4 72 ^ d^ . sin w ^* 

--__-_- — — ..-^-^ _^ — ^ -- 2 cos 2 ,n i — 2 cos 4 n ^ 

(i>nt 2 ^ (d . ;z if )^ 

d . sin n t^ 10 cos y? if ■— 15 cos 3 ;? ^ + 5 cos 5 y? ^ 

d.nt ~ ^ ^ "^ i6~~ ^ ' 

d^ sin n fi — 10 sin 72 ^ + 41 sin 3 tz I — 25 sin 5 i^ # 

(d . 72 jf)^ ~ '^ "" ~ 16 ~"" """ ^^ 

d^ . sin n t^ _ — 10cos^# + 135cos3/2^— 125cos5nt 
{d,nt) "~ 16 

6,€f ^^ e^r3cosw^ — 3cos3w^l ^^fr^ «j^ ., 

cosy = cosw#— -^4- YC0s2/i< — 2") "~~ — — 4~ ~~ ( "" 2~^) 2 cos 2 w < — 2 COS 4 n if 

_ ^^ J — 10 cos ?2 if 4- 135 cos 3 ^ ^ — 125 cos 5 ^ if 
"^ 2.3.4 I 16 

If the origin of the time does not coincide with the perihelion passage-, n i 
+ s — ^ must be substituted for n t^ but as g always accompanies n t^ it may 
be suppressed at present for convenience, and afterwards replaced. 



cos 



t;= I 1 ^~^e^ + Ygi2|cos(n<— ?!?)— -2" + YJl - -y- >cos(2w# — 2sr) 

3 f 15 1 ^^ 125 

4--^ e^l 1 — — e^ >cos(3n^ — 3^)+ -g-cos(4ii<-— 4t?r)+ ggje*cos(5n< — 5sr) 
-« . d . sin w f cos ni — cosSnt d . sin « ^^ cos w if -^ sinnt -^ SsinBni 

Bin n fi cos nt — - 



Sd.nt 4 ^ d.?i^ 4 
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d. sin nt* 2 sin2 nt — sin 4<nt d. sinnfcosnt cos2 nt ■— cos 4?? if 



sin n f cos n t 



4^d.nt 8 ^ d.nt 2 



d^ , sin w ^^ cos ^ ^ . ... 

>j ^^p = — sm2 n t + 2 Bin 4:nt 

. , d . sin ?2 zf* 2 cos ?2 i^ •— 3 cos S n ^ + cos 5 7z ^ 

sm»z^cos«^= 5d.^^ = 16- 

d . sin ;? ^* cos n t -^ 9, sinnt -{- 9 smS nt ^ B sin 5 nt 

WTnt "^ "~ ' ^ 16 

d^ . sin n t^ cos n t —^cosnt-^ 27 cos Snt — 25 cos Bnt 

d^ . sin /z t* cos ^ ^ 2 sin nt — SI sin Snt + 125 sin 5 nt 
{d.ntf ~ 16 

e . , e'^ f —sinfx^+SsinS^^l , e^ . , 

stny=sm^f+^sin2ni+-2 < — ^ > "^273 {•~"S^^2?2^+2sm4^i} 

^* f 2 sin yz^— "81 sin 3^^ 4- 125 sin 5 ?z^ ) 
^ 2.3.4 I ^^ J 

and replacing nthj nt — ^ 

in y = < 1 g- + f^ e'* ^ sin (n /— -zs-) + Y j 1 — 2 — > sin (2 ?z ^ — 2 ^) 



ksIII 



^ J _| ^ e^ i sin (n if — • 1^) + -|- sin (2 w ^ — 2 2r) 

+ T"K "~ 16 ^^ [sin(3^if— 3 ^) + jsin (4 wf— 4i?r) + gg^ e^ sin (5n^— 5??r) 



3 6 

+ — . — e'* sin (3 n ^ — 3 ts-) 



8 '16 

,3 /j4 



COS (y+ts*) =j 1— -^ +|jicos^^— YC0S2?j' + Yil— -|-i cos(2^/— ti?) 

•^ r 3 ") ^^ 125 

+ g- e^-J 1 — -^ e^ >cos(3w^— 2t3r)+-^cos (4y2if— 3t^)+ ^g^ e^cosCS w#— 4^) 



— g-< 1 -- 12 f ^^S (n^--2 ^)— X2 cos (2 ?2# — 3 tsr)— j^g ^ COS (3 n^— 42?r) 
sin (u+^)== ]l — ^ +^|>sin/i# — -|- sin ^ + 1- ] 1 -~ ^ f sin(2n^— ?*r) 
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+ — (^1 — j2 j sin {nt'-2^) + j^ sin {^nt—dxff) + 128 ^'^ sin (3/2^— 4^) 
cos(u—23')=(l— •x)^^s(^^""2^)"" jCOS23'+"2COs(2/i^— 3tr)+"^e^cos(3n/— 473')"--"gCoswi 

f e^\ e e S ^^ 

sin(y— t?r|= (1—-^) sin (/2]f— 2^) +Ysintir 4-Ysin (2^ 

rcosX = rcos (X — ^jt) cost^ — - rsin (X — ^) sin^= a { (cost»— e) cos^— (1 — e^)! siny sin?^} 

rcos?v = a< (l — ^ — Yg) cos(y+t3r) — ecost?r+ 4" (l + -:f)cos(y— ^) 
rsinX=a|(^l - "J "^ is) sin (y+^)-e sinter- — (^1 + -^ j sin (y-?tr) 



I \ 2 64?/ sm 2 sm * 2 \ 4? / sm ^ ^ 



+ ^e^{l~e^) :^ (3n^-2^) + ^ Z (4«^-3-) + ii ^^ Z i'^-'-^^) 



+ £1 /i 1 ^\ cos /_^ v,_>^ 4- ^ cos ^^^^ Q^N^ 4- 3 ^4 cos 



'+T)r('"-2-);5S(2»'-3'')iii8<^i'p«'-4»)«"=- 






— 24 sm ^ »^ ^ ^ / — 128 sm ^ * ^ ^ 

S 



4 



/, ^^\ cos / . \ I ^ cos /_ _,\ 

^/ (1 - ¥J sin (»^-^-> + T «^> sin (^-'^z) 

- ^/ (1 - f ^0 "n i^nt-^--') - I e\ Z (3«^-2^-^.) 
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e^SlCOS tA ^4. n..j. o- I _.\ + ^'^^' COS 



' 6 sm '^ ' ' '^ — 16 sin ^ ' ' " 

; fe ^^'' sin (3^*/-^-2^')+ ll ^^^' sfn (2«^-3«/-^+2..,) 



+ #4«Vr (3«#-3V-2^+2^,) l^eV'in («^+3«/-2^-2t., 



+ T s?n («^-4«/+3.,) - '-1^ Z (4«/-^-3^.) 






1 1^ Sin (n^-V-2:.+2a.) + ^^ ^?„^ (^^+2n/-3^,) 
; '4 Z (2n/+— 3^,) + ^^^ Z (2«^+2«/-^~3..) 
+ 128 < sin {nt+^nf-A7^} + &c. 

- f ^ sb ("/^+*)+ i s°n (2«^+«/-^) 

+ T ^' Z (3«^+n/-2t^) 1 4 s?n («^-'^/-2^) 



O A ^' 



IN PHYSICAL ASTRONOMY. 34 



^ „ COS /„ , , ^ \ I ^ COS 



« sin (V+^-2^) + ^ ,;„ (2w^H-«/-tir-2.) 



3 - COS /o j; I . ^ r»_. r» \ H- ^^ COS 



'^ COS / . t o \ I ^ COS / , ^ \ 

2 ' sm V ' / ^ ' 4 ' sm v » / / 
~ T ^^/ sS (2»zif-*4-* -2.) + f 3^ (^^+2^/-^^ -2.) 
- T ^^/ s?n (2?^/+^ff-^<r,-2.') + ^' ^^^^ (2n^+2«/-sr-r?r -2^)+&c. 
^' = a O + "2" "^ ^ 1 1 — 8" ^^ ) cos {nt--w) — 2^ (1 — "o~ ) cos (2n^— 2^) 



^* 



8 



e^ cos (3^^— 3tEr) — -y cos (4/2/— 4?^) + &c. 



'2 =:: a^ 



l+"2 — -2e(l-- -^ )cos (n^r— tar) — Y \^ "" -y jcos (^nt—'l'm) 



3 4 

^ cos (3ni— 3^3-) — -^ cos {%it—Azs) + &c. 



r = a 



{ 1 + 1" ^K^ + ^) + ^ ^ (^ + f" ^') <^o« C"^-'^) 



9 / g3\ 53 

+ ^ e^ (1 — Isj cos 2^<— 2^5- + —e^ cos (3?2#--3t3y) 



31 
+ ~T e^ cos (4^i— 4Tjr) + &c. 



If the coefficient of cos n 6 in the development of < 1 — — cos ^ + ^ 
according to cosines of arcs mulitples of 6 is called b 

2 Y 2 



m 
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^1,1 = 



a 
a 



i 



2.4 a 



I 



1.3.3.5 a^ 

2 . 4 . 4 . 6 ay 






3 d 



*i^2 — A a?'^ 



1.3.5a* . 1 . 3 . 3 . 5 . 7 a^ 



+ 



2 . 4 . 6 a^* "T~ 2 . 4 . 4 . 6 . 8 a/ 



+ &C. 



3 , 5 a^ 1.3.5.7 a^ , 1.3.3.5.7.9 f! , o^ 



'i'3 "^ 4.6 a^^ ^ 2.4.6.8 a,^ "^ 2.4.4.6.8. 10 a/ 



^ 1 . /3\2a^ , /3.5\2a-^ ■ / 3.5.7 Ya^ . , 

63,0 = 1 +vy; < + V2:4; < + V2.4,6; a^ '^ ^^ 



hi = 






a 



2.4 a; 



2.4.4.6 a/ 



3,2 



&3,3 — 



S.5 a" 3.3.5.7 a* 3.5.3.5.7 ^ , 
4 af + 2.4.6 a/ + 2.4.4.6.8 a/ + ^^' 

3.5.7 a^ . 3.3.5.7.9 «^ . 3 .5.3.5.7.9. 11 ^ 

2.4.4.6.8.10 a/ 



4,6 a I 



+ 



2.4.6.8 a/ 



+ 



+ &c. 



, . /5\2a^ /5.7V a* /5.7.9V «' I fi 

^5.0 = 1 + Vt ; < + V2:4/ < + VaTTTeJ < + ^*^- 

, ^ a , 5.5.7 a* , 5.7.5.7.9 a* , „ 

&5.1 = 5 ^ + -274" ^ + "2.4.4.6 ^* + ^^' 



'i 



U 



1^5,2 



fe, 3 = 



5.7 a^ 5.5.7.9 a^ , 5.7.5.7.9.11 «^ , o 



4 a/ 



2.4.6 a/ 



2.4.4.6.8 a 



5.1.9 a^ . 5.5.7.9.11 «^ . 5 . 7. 5. 7 .9. H . 13 a^ 



4.6 a/ 






2.4.6,8 a;" 



5 "r 



2.4.4.6.8.10 a/ 



%i — 3 



a 

a, 



'5,0 



2" ^^'2 1 



2 63^2 — . 



3 &3,3 — 



JR = m. 



1_ ^ 

2 a^ 

3 ^ 

^2" o^ 



*5,1 



'5,3 



&5.2 — & 



'5,2 



5,4 



^^'1 ~" "^ I ^^'^ ""* ^ ^^'^ 

3 61,3 = "^ "^^ I ^3,2 -" h,^ 



r r/ cos (X — x/) 



{r^ — 2 r y/ cos (X — X/) 4- r^^}^ 



and since 



rr; cos (X - x;) ==rr/ cos2 1- cos (X - X^) + sin^ -^- cos (X+ \--2 i^j j , p. 330 
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R=iml ^^' {^^^^ "2 ^^^ (^ "" ^') "^ ^^^^~| ^^^ (^ + ^ - ^ ^i)} 



J ^ — £ ^ ^^ J cos^-—- COS (A •— X^) + sin^-~ cos (A + Ay — 2 v^) 1 -f y^^l 2 

Neglecting the cubes and higher powers of e 



^ € o 

+ YC0s(2^^< — w.y^--7!r) + -~cos (w^ -~-2Wyi + ?3'^) + ^ e^ cos (3n jf r-n^^f— 2©^) 



3 



+ -g-ey^cos(nif — 3n/ + 2'2iry) +-g cos ('/2# + ny^ — 2 7<r) + ^cos(/^^+/^/-»- 2^^) 
9 3 3 

+ -;j-eeyCos (tar— to-y) — — eeyCos(2w<— tsj— t^-^) — — eeyCos(2/2/— rar— ?3-J 



+ -~cos(2^#— 2/z/— t^y+^/) + sin2YC0s(/^# + n/-~2i') f i 1 + 
+3eyCOs(/2/— tsr^) + -^ey2cos(2/^/-.2^^Ty) +&C. > 

I f 3 ^^ 

— mx a^J 1 + — e2 — 2ecos(/2#— ^) — -^ cos(2wf— 2cr) 

— 2aa^ I \^1 — sin^-^— . -^ j cos(/i#— /^/) — y ecos(;2/— rar) 



— . />2 
2 ^/ 



_£ 
2 



e^cos(i2#— zET^) + -^ cos(2l^#— ?2/— tzr) + -^ cos (nt — 2 n^t+m) 



3 3 e^ 

+ -g"e2cos(3wf— n/— 2T?r)+ — ey2cos(/^<-~3/^/ + 2t^ry)+ -g-cos(/^f + :^/--.2?!r 



^, 



9 3 

+ "^C0S(yi^+?l/— 2tJTy) + ~eeyC0S(tzr — t«r^) — -^ eeyC0s(2n# — ^ — ts"^) 



4 



ee 



eeyC0s(2^?/— t«T— •tir^)+ -tcos(2w<~2^/— tsr+to-y) 



+ sin2-|- COS {nt + w/— 2v) } + ^^2 1 1 ^ _. ^^ 



2^yC0s(n/— tcTy) — Y cos(2n/— 2ts"^) + &c.| 



2 
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=: terms independent of b 

771, 



a^ 



Ko + &i,i COS {nt—nf) + &i,2C0S {2nt — 2nf) + &c. 



+ ^sHs^o+Ki^o^{^t'-nf)+hs,^GO^^^ 1^2 I 



3 



2^cos(n^— 1?5")— -^ cos(2w^— -2^) > — 2aa^< f — sin^ ~- — ----~- j cos (n^ — r// 



3 , . 3 . . . . ^ 



2 



eeos(n/— to-) ■— -^ e^cos(nt—m^ + "o" cos(2^^— :^/— isr) 



e 3 3 

+ -g-C0S(^?i+'?2/ — 2tc7)+ —• C0S(/2^+^/ — 2t^J +*4'^^/C0S(t?r— -57^) 
3 3 ^ ^ 

— y ^^^cos(2';i^— t?T— tjT^)— -^^^^cos(2/2/---'5sr---tsr^)+ -;j^eos(2^^— -2^/— i?r+^/ 
+sin2^'eos(n^+^/— 2^^^) } +a^i ^^^2_2^^cos(72/— ts-^) — ^cos(2^/— 2t3r^)&c 



1,3m 



£ 4^"i) &5,o + &5,icos(72if— /2/) + ^5,2COs(2n^— 2n/)+&c. > < 2a'^ecos{nt—w 
— 3 aa^e cos (n^t-"aT) —Saa^e^cos{nt'—'m^ -^ aa^ecos(2nt—n^t--t!^) 
+ aa^e^ cos (n^— 2/2/+t?r^) + 2 a^^ e^ cos {n^t—'OT^ > + &c. 



2 a^ e cos {nt—'uj) — 3 a a^e cos (n^t—w) — 3 a a^e^ cos (nt—'m) 

1 2 

+aa^6C0s(2^2#— w/— ?s7)+aa^^^cos(/2#— 2/2/+^y) + 2al^ e^cos{n^t—'^^ 
= 2aW^ + 5a^ a^ (^2 ^ ^^2) ^ 2 a/ ^^2 + ^2(2 ^2 ~- 3 a 2)^2 cos (2^#-^2tcr) 

9 9 a^a"^ 

+ -^ a2 a^2 ^2 cos (2 ?2/ — 2 zcy) + ^ ^2 ^^2 ^ 2 cos (2 /2# — 2 ?5T^) + -— ^2 co^ 

+ -^ e/ cos (2«^ - 4w/ + 2^,) + a/ (2 a/ - 3 a2) e/ cos (2»z/ - 2^,) 
-- 4 (a^ c2 _[_ or^2 e^2^^^^ cQg {nt—nj£) — Q, d^ a^ e^ cos (wif+«/— 2w) 
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— 6 aaf e^ cos (nt-\-nJt—2m^ — 6 (a^ -f a^) aa^ ee^ cos (tjy — -cy^) , 

— 2 (3 a^ — » a/) aa^ ee^ cos (2n^— to-— tsr^) — 2 (3 <Q5/ — d^)aa^ ee^ cos (2/?/— tsr— ?2tJ 
+ 2 a^ ^^e^ cos (3^;— "W/— 2tir) + 2 a a/ ef cos (f^^— •3i^/+2tir^) 

+ 2 (^2 + a/) aa^ ^^^cos (2 f^^ ■— 2 i^/ •— -sr + to-^) + 9 a^ a/ ^^^ cos (nt —njt-^'m — ?it J 
+ \Aa^ a^ e e^ cos (;^/ + i^/— tar— -zir^) — 3 a^ a/ (^^ + ^/) cos i^nt^^nf) 

— 2 c^ af ee^ cos (^if — ^/■— t^'+'sr^) + ^^ ^/^ ^^^ cos (3^2^-— 3^/-— -ztr+^J 



Replacing g which accompanies nt^ 



j2 I ^2 



^''^^ «/ ^ 'i'afV"' 2 + 2 / 1*3.1 + 03,3]-+ 2.2flf *3,s 

J 1 • 3 • 3 a^ < (e^ + ef) , 1 . 3. 2 (a^e^ + af ef) 

+ ~2T4 S7~ ^^.o + ^aTT" ^T— a«A.i 



* The numbers at the side serve to distinguish the arguments. 
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~ {2a4e2 + 5a%2(e24.e2)+2<e2}&,,, 



2 



1 • »!/ • ^ 



+ - ~ p {aH^ + afef) 5s,3 \ cos {2nt — 2 w/ + 2 1 — 2 g^) 



[2 






3 



- ^ si^'i + 



h , ^ + e 



£ 






+ Q.4.Q" "TT— %,i+ Q.4 4/Z.5 ^^A2 



£.4 



4a/ 



|~{2a%2 + 5a%,2(e2+e3+2<e/)}£5,s}cos(3n^---3 [3 



, 1.3.£(a%^ + «/V) .1 /. ^ . . . . .X 

^" ~¥~T~ -pr-^^ aapB^s \ cos (4?i^— 4^/ -f. 4g — 4g ) 



3a, 3a a' a^ ^ aa. , 1 /,, 

£ a/ * £ a^ **'" £ af "^'^ £ . £ a/ "^'^ J \ i » / 






[4 



[5] 



7J 






C I a a a, J a^ ^ , 3 a a. , 1 

f aa. ^ d^ ^ , 3 aa, , 1 

f aa. ^ a® , 1 . ^ 

+ ^^4 "^ £ , £ a/ *3,2 •— 2^%s I ^ COS (4w#—3w./ + 4l- 3s,— t?r) 



a a 

— m^ £7£i^ ^3,3 ^ COS {bnt-— Anf + 5g - 4g^ — ^sr) 
(" 3 (t (t a^ a a 1 



10" 



12] 



o 



3 aai 



Saa 



^3,2 - q^^Kz >^C0S(2w^— 3^^if + 2g-3g^+?zr) 



+ ^/ £7£a^ *3,3 ^ COS (3w^— Anf + 3g - 4g^ + txr) 



ri3i 

[14] 
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+ ^' { - ^« *3.» - ^^ ^w } e,cos(«/+ g,-«^) [15] 

C 3 (z d Q a (1 "^ 

+ "^'l 272^ *w - ai;^ ^^ - 272i7» *^.« / ^/cos C2«.'- n; + 2e - e,- w,) [17] 

I ^y ,^# ..^w ^^ "w j| 

+ rn^ 2T& *^'3 ^'°*^^ (4w/-3«/+4s-36,— cr^) [19] 

+ »'-{l?- !$*«- ^.«... + 5^:7«^}.,cos(».-2V+.-2,+w,) [20] 

+ -. { - i^ *« - ^ ».'} «, 0"' (3»<-4V+3.- 4,+»,) [22] 

- w, 2^^ ^3,3 ^^ COS (4n< - bnf+Az - 5g^+Br,) [23] 

f gg; , g^ , 3 ggj , 1.3.9 g^gf , 1.3.3 g^a^ , 

+ "*/ 1 "278^**3.1- 2.4^^3 03.2 — 278^^3.3— 27472 ^^5 *&o + "oTi" < *5'i 

r a aai , a^ , 3aa, , 1 . 3 . 6 g' g^ , 

+ "^'18^^"" 274^* *3'» ~ 274^^ ''3,1 - 278^8 O3.9 + "g:^ -^ ^W 

1.3g^ (4 ffl^ + 3 gf ) , 1_^ ^; , 

~2.4.4 g,* ^''•1 ~ 2 . 4 g/ ^«'^ 

■^/^ks}e^ CO, int+n,t+,+e -2^) [25] 

f g^ > aa, , 1 . 3 g^ (2 g=' - 3 g/) , 

+ *"'! ~ 2.2af *3.o - 2.620^303,1 -2,4 a^5 Os,o 

+ W^*v-^!^^-^cos(2«.+2a-2.) [26] 



1.3a^(4a^ — 5a/^) . 1 . 3 . 3 g^ g^ , 

"" 2.4.4 a^^ ^^'*+ 2.4 a^* ^^'^ 
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-tj^^^ks}e'co,(3nt-n,t+3B-z-2r.) [27] 






1.3 ^ , 1.3a^ (Q g^ -- 3 O , 

£.4 a^* ^^^1 "" 2.4.£ «/ ^^'^ 



1 S 3 a^ (^ 1 
• Saa, , a^ , 1 .3 c^af , 1.3 a* «j , 

Ll^ {!^lzi£<) 6,J e^cos (5«^-37^/+5a-3s,-2^) [29] 



-•{ 



£ . 4 . £ a^ 



+ ^ii - 278^ ^^'« ~ 27474 "^ ''''.2 



- It! $' *^4 ^'«Os(6«^-4»/+63-4g -2,^) [30] 

m,2^f^'^55.3e2cos(7«?-5??/+7g-5s,-2T!7) [31] 



f ««/ 7 a , 1 . 3 . 9 « «; T I 1.3.3 c^a;^ , 

1 3 a^ (£ a^ 3 a^) 1 

- f^^-^;^5« je»cosK-3.,H.-3.,+2-) [32] 



attf , 1.3.9 a^^f 



'.{ 



£.8«f^»3 £.4.4 a/ '^^•^ 



+ ^i^^'^^^^} eHos{2nt~4nl+2e'-'4B^+2m) [33] 



m^ ^— ^ ^ &5.3^^ cos (3^^— 5i^/+ 3g— 5g,+2t3') [34] 



■« ^ M o **% 

- "irf" ""<" ^^'^j ^^'C*'^ (»?- «/ + g - g -tsr + ra-,) [35] 

fa a a, J 9 a a, , 1 . 3 . 2 {a® + a ®) , 
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1.3 c?af 






1 . 3 . 3 a^ + ^z 



3 



4 «! 



aa.& 



> «^5,2 



1 

2 



3 9 c^ d^ 1 
7472 -^^5.3 J- e^,cos(2w^— 2?^/+2s— 22^— OT+w,) 



[36] 



+ ^^|~274< "3.1- 274 ■^''3.3-274 a^5 Os,o— 2,4 af ^^/^Wr 



a ^3 ^9 



1 . 3 a^ a 



£ . 4 ai 



^h 



5 ^5,2 



1.3.3 ^^ + gf 

+ 0/1 ^6 ^^ 



2.4 
a a, 



[37 



£.4«f "^^'2 £.4.2 a/ 



1,3 a^^j 1 . 3 (g^ 4- at) i 



£ . 4 a. 



+ ^^ 



1 3 <z^ <z ^ 1 

4- 274 "^ ^s.3 f eecoB{Ant—AnJ, + 4s— 4g,— tsr + ts-^) 

~2.4a/*'3.3~2.4.2 a/' ^'^ 

— li_(^ '^,^'' aa^bs^ lee^cos{5nt—5n/-\-bs—5e—wr + vT) 



[38 



39 



<5 «3 ^ 2 



1 . 3 «^ a 



-— m 



' £ . 4 £ a 






I t: v/ j 



r 9 aa. j^ ^^1 L ,1.3.6 { a^ + af) . 

+ m^ I "- £T£ ^ *^*« "^ £74^^*^.^ + "¥:T "^t— ^%% - 



L » ij » t CI Ct> I -a 



7r~-7 — z -' a.a 



1 . 3 a^a,^ 



£ .4 a 



1^^5,9, £.4.2 « 



[41] 



+ m 



9 a ^/ , «^/ , ^ .S.Qa^af ^ 1.3.3 (a^ 4- <gf ) . 

■~ £74 "^ *^'i "^ £74^ ^3'^ ~" £.4 ■^%o+ £.4 -^ ^^^^^^^ 



«, 



+ m^ 



+ §74"^^^'^^" 

9_ ^/ y 



1.3 (a^ + a^) 



£.4 a 



aa 



i 

2^2 



,4,.,._,,+._,+„_„,, f.3 



1.3.9 oX ;. I lif 



1 . 3 . 3 (a^ + at) 



a, 



aa^ h,i 



1 ^ (^ a'^ 1 

+ 27i -^ ^s.3 j ee^cos{2nt-2nt + 2s— 2e, H-'^ - ^.) 



[43] 



+ ^ 



'{ 



9 aa^i r 1 .3.9 o^of , 

-"i;^ 03,3 - 2.4,2 «,^ ^^'2 



£.4a 



+ l^^^i^^ aa^Ss^sj ^^,cos(3^^/^3^/ + 3s-32,+ ^-^t^,) [44] 



JL 1* Jd 
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C 3a Saa,, Saa,, 1 . 3 . 2 (3 «f - a^) 1.3. Ha^af , 

+ m, I - ^ + ^:^bzfi + 2:i^s03,2 + "17:^ i^i; ««/ ^5,0 - 2.4.2 -^ »s.i 

+ 274 -^ ««- *^.2 + 27472 -^ *s.3 j ee.cos (2«/ + 2g -t^-m,) [46] 

+ "*'\ 2. 2^^3,1 274^ a,^ *«.»+ 2.4 < ^V''-^ 

+ 2.4 '^ *«'2 1 ^^' ^^^ ("^ + «/ + S + S, — «r — w J [47] 

f 3ag; ^ I _?_?3a 1 . 3 . 2 (3 a^ — af ) l.S.lla^a,* 

+ '^'\2.2a/^3,o + 2.4 a/ ''3.2+ 2.4 a,* ^^/ ^^-^ ~ 2 . 4 . 2 "^ *'«'i 

+ 274 —^7 — ««/ ^^-^ +27472""^/ ^^^] ee^co&{2nt-\-2i-^-vT) [48] 

1.3 (3a^-^f) , 1.3.7 ^^<, 

1 . 3 (3a ^ a®) 1 

+ 2T4 ~V^ — ~ ^^/ ^^'3 f ^^'^^^ (372/ — ^/ + 3s - g^ - tzr - m) [49] 

f 3 «a^ 1.3.3«^«^\ 1.3(3«^-«/) , 

i7T — ^^«'3 f ee,cos(4w^-2;z/ + 4s- 2s,— w— w^) [50] 

f 3 a a, I \.S.Sa^a^ 

+ *"' I 2 . 4 "^ *^3 + 27472 "^ "^/ *S'2 

1 . 3 (3a^ a^) ") 

+ sfi " a^ ' ^^i ^5,3 > ee^cos (Si^if - 37^/ + 5s - 3g^ - ??r - tsrj [51] 

+ ^^^ 27172 :S^ ^^'3 ^^, COS {6nt - 4i^/ 4- 6s - 4s^ - TDT -. z«r j [52] 

1 . 3 (3 gf - a^) 1.3.7«^<, 

+ 2.4 a^^ ^^^ ^^'1 ~ "274™ "^*^'2 
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^ _^^L_^^aa^3J-ee,cos(«/-3«/+g-3s,-i-rar+OT,) [53] 

I 3 7 a® « ® ") 

1.3 (3 a* a*) 1 

+ 275^ — 't^ — ^aa/&5,3 J-ee^cosCSra^— 6«/+3s— 5s,4-tff+t3r^) [55] 

1.3 3 a%® 

r flf , ««( , 1.3(2af-3a«) 



+ -274--^^^!- 27472^^^.^/^'' COS (2«;+2s,-2«r,) [57] 

-L r /" gc, , g/ T Sgffl, T , 1.3.6«fa, 

"+■ *">! 8af "~ 2. 4«/*^''~ 2.4a^»*3'i~2.8af *3,2+-^:ir 17'*'«.o 

1.3 (4a*+3flf) „, 1.3 «fl* 

______ _g „^ ^^^j _______ ^^_^ 



1.3 (2a2-3a«) 
2.4.2 



j_ f ggj T _fL_t ^ ??/i 1.3.9g^af , , 1.3.3 a af , 

-^[f—^a^hs -2:4-5/- ^5.3 j ^i^ cos (2n^ + 2s - 2®-,) [59] 

, f attf , K I. 1.3.9 a^a^y l.S.SaPa, 

+ *^4 ■" 278<*3'2 ~ 274757 *^3 - 27i7i ~lf *w + -274- -^ bs,, 

~ 270 ^-^^^5^'^«/^^.3} «?/cos(3?i^-«/+3a-0 -2,!r,) [60] 

_L. J ««/ , 1 . 3 . 9 a* «f , 
+ m, I - 2 g ^^s 63.3 - 27574 -^ O5.2 
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+ ^'^''ifh.s]e,^cosiint-2n,t+4e-2B,-2v^) [61] 



1 S Q a d 

— m^ 27474 T^ hs^l^cos (5/2^— 3/z/+5s - 3b^—2t!t) [62] 

+ ^^ JT;^ "" i74^*^'« ■"" IT^r^^^ " 278^ ^^'2 -• '"274"'^ ^^'0 

1 . 3 {Aaf -5a^) \,3.3aaf , 

^ ^' ^^.3} .,2eos(/z/~3V + a--3a,+2..,) [63] 



2 
1 



_i_ J ^<^^/ 7 y , aa^ J \ .3 a? af , 

+ ^/ 1 "~ ^2 . 8 «/ ^^'1 "" £74^^ ^^'2 - 278^^ ^3.3— ^TJT^ "^ ^5,0 

1.3 oaf ^ 1.3 (Q gf - 3 g^) 2 7, 
+ ~k:^ ^ ^^"4 ^,^cos(2;^^-4;^/+2g-.4g^+2^iT^) [64] 



\_ { ^^ ^^i 7 ^\ T 1 . 3 c^af ^ 1.3 ««^^ 

+ ^i I "" 278^ ^^'2 "" 27T^ ^^'3 — 2 . 4 . 4 ^ *^'^ "^ 274 "^ ^^>2 



1.3 (2 < — 3 a^) 



2.4.2 a^ 



:;j,},=e„s(3«/-5»,.+3.-3,+2.,) [65] 



+ ™/ 1 ~ 278 a^ ^^'^ ~ 2.4.4 "^ ^^-^ 

1 3 aa^ 1 
- 274^^ ^s.3 j ^;^cos(4«^-6«/+4g-6s^+2Br,) [66] 

-i ,7» 2 2 

~™' 27774 ^^«'3^'^^^^(^'^^~7^/+^^-7s,+2i!r^) [67] 

+ m, 1^. (l + l^^) - ^'bs,oj sin2 ^ cos(«/+«/+e+s -20 [68] 

- m, 1^ ^3,1 sin2 ^ cos (2 «/ + 2 s,- 2 ^ [69] 

m ^3 ^3,t sin2 -^ cos(2nt-\-2£-2y) [70] 



aa 
m 



,2^3^3.2sin2|-cos(«^ + 3«/+2-3s,+20 [71] 



ot'^ 
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aa 
m 



^^*3,3sin2|cos(2^^#-4n/ + 2a-4s, + 20 [73] 

-^.S*3.3sm2-|-cos(4az^— 2^/+4g— 2s^— 2^^^) [74] 



In the development of R^ I have supposed / = 0^ so that /^ is the angle con- 
tained between the orbits of the planets P and P^ or P^ and Pg ; in the ge- 
neral case^ when i^ and /g, are retained^ cos /^ = cos /^ cos /g + sin /^ sin /g cos 
(/j — i^^ /j and /25 being the inclinations of the orbits of the planets Pi^ Pg to 
any plane x y^ of which the direction is arbitrary^ 

r' r] sin (X' — x;) —r^rA cos^ |- cos^ ^ sin (Xj - Xg) 

— sin^ ^ cos2 "I* sin (X^ + Ag — 2 i'l) + sin^ ™- cos^ -^ sin (Xj + X2 — 2 v^ 

— sin^ Y cos2 ^ giji (Xi — Xg — 2 1^1 + 2 i'g) [ 

r' r^' < cos (X' — \]) '^ s s\ — r^r2,\ cos^ -^ cos^ ^ cos (X^ — Xg) 

+ sin2 -^ cos2 ^ cos (X^ + X2 - 2 i^i) + sin^ \ cos^ -| cos (Xi + Xg - 2 1^2) 

+ sin2 -|^ sin2 -| cos (Xj - X2 - 2 1^^ + 2 1^2) 

+ sin /j sin ^2 cos (X^ — Xg — j'i + J'g) — sin /^ sin /g cos (X^ + Xg — j'i — ^2) 



Errata, 
In page 330^ /or 1 and ^^ read /^ and j'^. 



